For homogeneous simply connected Hodge manifolds it is proved that the set of coherent vectors orthogonal to a given one is the divisor responsible for the homogeneous holomorphic line bundle of the coherent vectors. In particular, for naturally reductive spaces, the divisor is the cut locus.
. INTRODUCTION
The coherent states [1, 2, 3] are a powerful tool in global differential geometry [4, 5] . For example, the remark Polar divisor = Cut locus, proved on naturally reductive spaces [6] , gives a description of the cut locus in terms of coherent states. Let us briefly recall these notions.
Let X be complete Riemannian manifold. The point q is in the cut locus CL p of p ∈ X if q is the nearest point to p on the geodesic emanating from p beyond which the geodesic ceases to minimize his arc length (cf. [7] , see also Ref. [6] for more references).
We call polar divisor of e 0 the set Σ 0 = {e ∈ e(G)|(e 0 , e) = 0}, where e(G) is the family of coherent vectors [3] . This denomination is inspired after Wu [8] , who used this term in the case of the complex Grassmann manifold.
In this paper we shall emphasize an aspect of the deep relationship between coherent states and algebraic geometry. Indeed, the notion of polar divisor, introduced in the context of coherent states, is in agreement with the notion of divisor in algebraic geometry [9] . The main result of this paper is the establishment of the relationship between vector coherent state manifold M, viewed as a holomorphic homogeneous line bundle over the coherent state manifold M, and the polar divisor. The set Σ 0 is the divisor responsible for the line bundle M. The result is proved for homogeneous simply connected Hodge manifolds. In particular, for naturally reductive spaces, the divisor responsible for M is the cut locus CL 0 . The enunciation of this theorem was included in Ref. [10] . Using Rawnsley's definition of coherent states [3] instead of Perelomov's one, it is possible [11] to drop out the restriction that the manifold M to be a homogeneous one.
The lay out of this paper is as follows: §2 collects some feature needed during the paper -a short remember of the notion of coherent states viewed as homogeneous line bundles, a breviary on divisors, and a brief review of the results established in Ref. [6] on cut locus and coherent states. The main results are proved in §3. The illustration on the complex Grassmann manifold follows the notation of [12] . 
where M is diffeomorphic with G/K, i is the inclusion and λ is the natural projection λ(g) = gK. Let χ be a continuous representation of the group K on the Hilbert space K and let M χ := M × χ K, or simply M:= M × K K, be the G-homogeneous vector bundle [13] associated by χ to the principal K-bundle (2.1). Let U ⊂ M be open. We introduce the notation
where o is the base point in M. Then the continuous (holomorphic) sections of M χ over U are precisely the continuous (resp. holomorphic) maps σ :
where e σ satisfies the "functional equation": 
is called family of coherent states corresponding to the family of coherent vectors e(G) [3] . The manifold M is called coherent state manifold and the G-homogeneous line bundle M χ is called coherent vector manifold [14] . We impose the following restrictions: a) the mapping ι is an embedding in some projective Hilbert space 
The Perelomov's coherent vectors are
In eq. (2.7) ∆ + n denotes the positive non-compact roots, Z:=(Z ϕ ) ∈ C n are local coordinates in the neighbourhood V 0 ⊂ M of the base point o, F
n , and j is the dominant weight vector of the representation. The system {e(g)}, g ∈ G C is overcomplete [2, 16] and (e(g), e(g ′ )), up to a factor, is a reproducing kernel for the holomorphic line bundle M χ → M [17]. 
Divisors
However, for holomorphic line bundles, there is only a homomorphism
On complex manifolds there is an the isomorphism of Weil and Cartier groups of divisors:
There is a functorial homomorphism [ ] between the group of divisors and the Picard group of equivalence class of holomorphic line bundles [ ] :
[D] is a C * -bundle, but we denote by the same symbol an analytic line bundle determined up to an isomorphism.
The exact sequence 1
The quotient group Cl( M): 
Cut Locus
Remark 1 codim C CL p ≥ 1.
Let g be the Lie algebra of the group G. Let g = k ⊕m be the orthogonal decomposition with respect to the B-form as explained below, Exp p : T p M → M the geodesic exponential map from the tangent space to the manifold and exp : g → G the exponential from the Lie algebra to the group.
Let us consider the conditions:
B) On the Lie algebra g of G there exists and Ad(G)-invariant, symmetric, nondegenerate bilinear form B such that the restriction of B to the Lie algebra k of K is likewise non-degenerate.
Note that for the homogeneous space M ≈ G/K properety B), implies A). The condition A) is verified by the symmetric spaces, but also by the naturally reductive spaces because they verify the condition B) . 
Corollary 1 Suppose that M verifies B) and admits the embedding (2.6). Let
We remember the explicit expression of the cut locus on the complex projective space and Grassmannian. 
Remark 2 On
CP n , CL 0 = Σ 0 = H 1 = CP n−1 .
Proof. Let the notation
consists of the n-planes passing through the origin of C n+m . The Plücker embedding ι :
where Remark 3 (Wong [18] ) The cut locus of the point O∈G n (C m+n ) is given by
The following notation is used:
Remark 4
The cut locus for flag manifolds G C /P has a stratified structure consisting of r P -orbits. (r=rank).
. RESULTS

Proposition 1 If M is an homogeneous algebraic manifold embedded in a projective
Hilbert space (2.6) then the polar divisor Σ 0 can be expressed as Σ 0 = ι * H 1 , and Σ 0 is a divisor.
Proof. Use is made of the Cauchy formula [4, 21] 
where ι(Z) = [e Z ]. We equate with 0 both sides of eq. (3.1). The pull-back ι * (H 1 ) of the divisor H 1 is itself a divisor [9] , because the mapping ι is an embedding, i.e. biholomorphic on his image. Proof. The main part of the proof is based on the following theorem of Kodaira and Spencer: For an algebraic manifold there is an isomorphism of the group Cl( M) of divisor classes with respect to linear equivalence with the Picard group Pic( M), i.e. for every complex line bundle M over an algebraic manifold M there exists a divisor D such that [D] = M. The next ingredient is the following theorem due to Kostant: Let M be a simply connected Hodge manifold. Then, up to equivalence, there exists a unique line bundle with a given curvature matrix of the hermitian connection, or, equivalently, with a given admissible connection (Thm. 2.2.1 in [19] p. 135). Farther the theorem 1 is used. The information on Kählerian C− spaces is extracted from [20, 21] .
We remember also in this context 
V 5 e 3 = 0 e 1 e 4 − e 2 e 3 = 0 e 1 = 0 e 4 = 0 × e 2 = 0
